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•I I I I P 'I' J it is more convenient to use an unnormalized form, as we shall see later.), then we have
Therefore, we can determine the coefficients ck---and 
THE ORTHOGONAL POLYNOMIALS-
The Legendre polynomials Pn (x) are complete and.
orthogonal on 1-1, 1]; that is, they satisfy
They are easily computed by the recursive relation 
where 0(x) I s, 01(x) 2x -1.
We now derive a useful property of the shifted Legendre polynomials, one Define 
METHOD OF NUMERICAL INVERSION
When inverting the Laplace transform numerically, we wish to represent f(t) by the sum Z c 0 (e7t), and n n then determine the coefficients ca using formula (4.5).
One should first determine the optimum a to use.
Although in some practical problems it is often convenlent to select a before computing the Laplace transform at a,2ao,..., we shall assume that the Laplace transform we are using is easy to calculate at all points on the positive real line and that we have complete freedom in selecting a. We shall consider the case in which we know that f(t), in additionr to being continuous and, where a and a are constants, a > 0.
Since we wish to approximate f(t) with as few teom as possible in the 0n(e-t) series, f(t, should be well represented as a linear combination of a -9- After using (5.4) to obtain a, we then can use (4.5)
to determine the coefficients cn in the representation
Where t I-n r.
We use the recursive relation (3.4) to evaluate the On numerically.
Since f(--. In r) is continuous on the closed set [0,i], it is known (see [5]) that, although
XZ Cnn(r) may not converge for all r, the second mean of the partial sums of the series will always converge pointwise to the function; that is, letting n (5.5) sn(t) -z 1,,.ckok(e'6a),
we have (5.6)ý li= an(2)(t) -f(t)
for all t. We use the least-squares formula (5.4) at five points-
..,5-to determine the a used in equations (4.5). The F(s) we used were computed on the IB?4-7090 in two ways: (a) F(s) was calculated in "single precision" arithmetic, which allows eight significant decimal digits accuracy; (b) F(s) was calculated as above, and a random fractional error in the interval [--10-, +10-5] was introduced into the result to provide a final F(s) accurate to only five significant decimal digits. In both of these cases, we then computed the sequence ýn(t) using the full "singleprecision" accuracy of the IB1-7090. By computing the inverses of several Laplace transforms, we empirically discovered that a 8 usually gives the best results when F(s) is known to within eight significant decimal digits, and 5 usually gives the best results for 5 F(s) 3)Lnmown to five signifioant digits.
.
--13-
The functions (6.1) and (6.2) above test our inversion method when f(t) has the desired properties of monotonicity and boundedness but does not resemble an exponential.
Function (6.2) has the added difficulty of having a "sharp corner." For function (6.1) we numerically obtain a = 0.87826, and for function (6.2) we get a = 0.84565. Results of our numerical inversion of these functions are shown in Tables I and 2 , and the second is exhibited graphically in Fig. 1 .
A MATHEMATICAL DISCUSSION
The purpose of this section is to Justify equation that is,
Hence, from the orthogonality of (in.), we got which is our desired result.
Equations (7.3) and (7.5) yield an interesting result. We lot
